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THE DYNAMIC PROBLEM OF INTERACTION BETWEEN AN ELASTIC PUNCH
AND A FLUID THROUGH A THIN COVER®

E.V. KOVALENKO

The problem of interaction through a thin cover between an elastic body (punch) and
an infinitely deep layer of perfect heavy fluid is considered. The elastic punch
is pressed to the cover boundary and moves along it at constant velocity without
friction. The flow of fluid is assumed stable and potential. Problems of this kind
arise in investigations of processes of dynamic action of elastic bodies on the sur-
face of an ice field. With the use of the integral Fourier transform the problem
is reduced in a finite interval to an integral equation of the first kind of the
convolution type with a singular kernel. The method of orthogonal polynomials /1/
is used for obtaining an approximate solution of the derived equation. The struct-
ure of solution is analyzed.

1. Statement of the problem, the integral equation. Consider a layer of perfect
heavy fluid of infinite depth (y <{ () and density p, whose surface is covered by a layer of
small thickness % with elastic properties  and v. An elastic punch (G,, v,), pressed with
force P and moment M = Pe to the boundary of this composite base, moves along it without
friction at constant velocity V. It is assumed that under these conditions the cover layer
does not peel off from the fluid. Let in a coordinate system attached to the punch, the punch
base be defined by function f(2'), and the contact line by the inequality |#'|{<{a. In the
approximation of the Hertz theory for the displacement derivative v, of points of the punch
surface along the y-axis we then have the formula

a
’os _ 1 g* (. 1) __ Gy (1.1)
w0 =—g | FEF & (=12
where g¢* (z,t) = ¢ (') is the contact pressure that is nonzero only when |2'[<{e, 2’ =2 — V.

As the physical model of the cover we take that of a thin plate extended lengthwise by
a continuous stress. Such layer is defined by the equation

WB*U — hov' = p* (z, 1) — q (&) — kp*v", B* = G (6 (1— v)]? (1.2)

where v is the displacement of points of the median plane of the plate along the y-axis, o
is the normal stress averaged over the thickness acting in the transverse cross section of
the layer, p*(z, )= p (¢) is the reaction pressure of the fluid on the layer, and p* is the
density of the layer material. In what follows the prime at the moving coordinate z’ will be
omitted, since the analysis is carried out in the system attached to the punch,

Let us assume that the physico-mechanical properties of the fluid are defined by the
linearized equations of a stabilized potential flow

a a ap
Ap =0, v,=%—-V, vy=—o;—,, p=pV 5 —pgy (1.3)
where ¢ (z, y) is the velocity potential, p is the fluid pressure, v, v, are projections of
fluid particle velocity on the axes of the moving coordinate system, g is the gravity con-
stant, and p the fluid density.

The condition of the punch and cover contact for |z|<{a is obviously of the form

v+ vo = —I6 + a*x— f (2)] (1.4)

where & 4+ a*z is the rigid displacement of the punch under the action of the applied to it
force P and moment M.

Taking into account the small thickness of the plate we transfer condition (1.2) from
its median plane to the fluid boundary y = 0. Then
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Du® — TV =p () —q(z), D =h¥p*, T =»h(c—p*V) (1.5)
o acmirmes had ac im +he +heooary of & +hin wing /07 +the condition of contact hetween
WwWE assuam triat, as 1in The Taelry Cr & Liainl Wing /«/, Wi ConClLLiOn ©L CohtacCt netwee
fluid and cover surface is of the form
o v (1.6}
8y dx

Then in conformity with (1.6} we can rewrite condition (1.2) in the form (when ¥ = 0)

92 02
oo (D5 —Te)=VIp@—q (2) (1.7)

We assume that perturbations of the fluid induced by the punch motion disappear as (2 +
¥} —> oo .

Let us now solve Eq. (1.3) with boundary condition (1.7} and the condition of absence of
perturbations at infinity using the integral Fourier transform. We obtain the following form-
ula for the derivative of displacement v at ¥ = O:

g p ¢ Ausinu(E—2)du (1.8)
v @m0 ==y { s@ k| A0
- o

Ao =D, A; =T, A; =pV: A(=pg
Consider the case when the punch velocity is
V<V, where Vi=un2(Y1+ 2x%p* — 1), =® = 16p*gh (9p)".

The integrand of the inner integral in (1.8) has then no poles on the real semiaxis u > 0.
Using the condition of contact of the punch and cover we obtain an integral equation in
g {x} which in dimensionless variables and notation

¢ (z') = qlaz) &', 1 (¢') = f (az") a™

z" =ga-l, B = Ea-),
A= ha-" u = uh1 o= 90 (5*)‘lv Ai’ = Ai (Alh‘_i)—l
(=023
is of the form
1 1
| 50 @ + 2 ek (S5 )@ =t —r @l (#1<Y (1.9)
S —x
¢ Ay w
K{z)= (L(u’\sinu’zdu’, L (1) = g e ——
o 47 N Ay (Wb A (WP —Agu 41
8

Below, the prime at dimensionless variables is omitted.
Equation (1.9) must be supplemented by the conditions of statics

A T

Ep (B)dE {1.10

1
No=P@a)y = { o®&, Ni=Pe@a)t=

|
..

2. Structure of the solution of integral equation (1.9). Prior to passing to
the proof of theorem on the structure of solution of the integral equation {1.9) obtained in
Sect.l, let us analyze some of the properties of function K (z) which will be subsequently re-
quired. Taking into account the asymptotic behavior

Ly=Au+0u) (@0 {2.1)
Lu)=u?+0@w? (@)

we formulate the following lemma.

Lemma. Relation
K@e B! {(—R, R), K@ ~z (z—0) (2.2)
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holds for all values of variable z & (—R, R), where R is any arbitrarily large number. Here
By* (—R, R) is the domain of functions whose k-th derivatives satisfy at |z|<{ R H8lder's
condition with exponent 0<a <1, When k& =a =0, we have the domain C (—R, R) of func-
tions that are continuous on [—R, RIl.

The lemma can be proved taking into account the following integrals /3/:

~ ~
sin uz n ' uz —sinuz LI
== — e = — nz
S ——du==—5-sgn z, S = du = ——z°sg
0 0

Let us recall some statements from the theory of singular integral equations with Cauchy
kernel /4/ related to the following auxilliary equation:

1
| 8 = 215y (2.3)
3
5
Theorem 1. If function w(z) & B,*(—1,1) and a>>0, the solution of the integral equa-
tion (2.3) exists in the class Lp(—1,1),1<p<2 and is of the form

¢ (@) = 0* (z) (1 — )™ (2.4)
,1 ll V'i—_z -
ot (@) = L |LN0 —S *_‘P(E)i_ = g dg’1 , 0% (z) & ByY (—1,1)

—1

with v =a when a<1, and v=1-0 when a=1.
If function w(z)= B*(—1,1) 0<a<1), p(a) = B (1 —e 1) (>0, Yp<IP<<1) and the relation

1 —_
1/ L - (2.5)
Ny + S V:E\p(&)da—o
—1
are satisfied, the solution of integral equation (2.3} is of the form
P 1 —
v =0t 0]/ 1;:, m*(,)zgé Sl/itégbia)zdg (2.6)

-1
©* (z) & By (—1, 1), v = inf (&, B — ¥y)

If function
Y@ e B (1) O<a<t), p@eBf(l—et) bp@e Blf(—1, —1+e) (>0, p<)

and relations

1 1
vt @i o ( v@da (2.7)
Y YR Y e

b
—1 —1

are satisfied, the solution of integral equation (2.3) is of the form

1
o) =0t @VITH, () =— = b E) 9 (2.8)

) reees
0* () & By¥ (—1,1), v = inf (a, B — /)

where L,(—14)(p>1) 1is the domain of functions that are summable with exponent p in the
segment [—1,1].

Formulas (2.4)— (2.8) are, thus, transforms of the integral equation (2.3) and enable us
to obtain its solutions that are unbounded at both edges, bounded at one edge, or bounded at

both edges.

Assuming now that ¢ (z) &= L, (—1,1) (1 <p<<2) in (1.9) and using the lemma of Theorem 1l
and the results of /5/, we can formulate the following theorems on the sturcture of solution
of the integral equation (1.9).

Theorem 2. 1If r(@) e B*(—1,1), 0<<a <1, then, if for given A, p & (0, ) there exits
a solution of Eq.(1.9) such that ¢ (z) = L, (—1,1), 1< p <2, ¢ (z) is of the form

¢ @) = o @1 — ), @ e By (—1,1) (2.9)
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and y =g when a<{1, and y=1-—¢ ¢>0when a=1,

Theorem 3. If 1) r(x)e;Bl (—1D),0<a<<t, 2) ryeBs. (1 —& 1) e>0, Y, <1,
then, if for given A, & {0, =} there exists a solution of Eg.{1.2) such that {) ¢ {xy =
Lyt l<p<2, Dle@I<mm>0 for 1 —e< a1 and condition

1 e
Vo —at 5 | VAE e Fwe@ia
1 ¢ A
—2x
P00 = | qa(&)K(E )
1
is satisfied, ¢ {z} is of the form
(2.10)

P -.fi-—x RN SN e Ty my S A 2 e B ® £
cp(m).-—:—.y 1+zm\;{:), W (T D' {i— 1, 1), Y =1mi il p-—

Theorem &, If
Nr@eBr(—L0,0<a<t, Dr@eBf 1 —e 1),e>0, <L AT eBF(—1,~1+5),

then, if for given A, P«E (0 00) there exists a solution of Eg. (1.9} such that o (z)E
.u;,\—-»{,;).l\[/\a, "-‘)l‘P\‘C}I Iu, Iu)uw.Lux 41—z <l‘<\ti and “1\/\‘5\(—1—}—@, and the
relations
1
Iy ar
Ng = r , na*=—= r - —
0 3 € + wh B 2t V _51[ € + np @)1 Vin

are satisfied, ¢ {z) 1is of the form
@ =0@VI-2 o) e Br(—114), v=inf(ap — ) (2.1

Proocf of Theorems 2—4 is given in /5/.

ki Nerivation of solution of Fn (1 Q) For finding an a_pprox’

JArL10on ofFf s0LU010n ima E:
the integral equation (1.9) we use the method of orthogonal polynomials which we base on the
application of certain spectral relations for classical Chebyshev and Jacobi polynomials. We
havn +ha formulas 737

aave e IomuLas /3/
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We pass to the analysis of the general unbounded case (2.9) of the original integral eg-
uation. We seek function ®{x) appearing in (2.9) in the form of the following series in
Chebyshev's polynomial of the first kind:

o(z) ==§oaka(z), g == Non? (3.2}

By virtue of the properties of w({z} indicated in Theorem 2 and of relations

B (— 1, ) T Lo (—11), oy, o=l {3.3)

{(where it is assumed that g are coefficients of Fourier function e (z) in the closed in
Lyp (—1,1) orthonormal system of functions) series (3.2) converges to ®(z) in the norm of

space T f__4 N alx) = 14 — n-g\“/: and the respective seguen fa Ve 1 The defini
space Ly Lo regpective sequence (&)< & The defini

domain Lw( -1, 1), L, is g:.ven in /6/.
We expand function a* — r' (2} and the addition to kernel K ((E — 2)/A), respectively, in

1o and double ceries of the form
£ ang Qoulie gerieg QI Tage Iorm
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o —r' 2y = 2 bUn-r (7) (3.4)

“ﬂziiﬁmﬂ®mﬂn

im0 ;=1

Using the orthogonality conditions of Chebyshev's polynomials we obtain

amwwmjjk<hj§§%wﬁwMM@w

_::: S [o¥ —r" (V1 —20 (@) de, ag=1, =2

By virtue of the described properties of functions r'{z) and K ({¥ — z)/A) series (3.4)
uniformly converge to these functions for [z |=<{1, [E <1, Ae(0, 00)

Theorem 5. If function r(2)= B (—1,1) (0< a < 1), the sequence of numbers {a;} of
class l, which satisfies the infinite system of linear algebraic eguations

a,,—-bn-—- Con (A) ’\0~——”72 My (n==1,2,..1) (3.5)

corresponds to any solution g{z) of class Ly{—1, 1) (1<<p<T2) of Eq.{1.9).

On the other hand, when function r(z)e By (—1,1) (0<<a < 1), then solution ¢ {2y =
Lega{—1, 1) of Eq.{1.9) of form (2.9) corresponds to any solution {g,} of class I; of system
(3.5).

To prove this we substitute into the integral eguation (1.9}, with allowance for Theorem
2 and formulas {(3.3), functions ¢ (2}, o* —r' (2}, K{{E - 2)/A) of form (2.9) and (3.4), and
calculate the integrals using the first of formulas (3.1) and the orthogonality property of
Chebyshev's polynomials. As the result we have a formula whose both sides contain series in
Chebyshev's polynomials of the second kind. Equating in it the coefficients in both sides at
polynomials of the same number, we obtain the infinite system (3.5). Inverse transformations
are readily carried out taking into account the relations /1/

I ) Neagpgt-2, 1 < o @) ey g1, 00 0 (@) == (4 — 22

my == const

Theorem 6. If function r{(2)e& B®(—1,1) (0<<a <1), the operator in the right-hand side
of (3.5) acts in space [, and is there completely continuous for all values of parameters A,
& (0, ).

Taking into account the properties of K ((E— 2)/A) and r(2) indicated above and, also,
formulas (3.3), we conclude that

E E ehn()")\ 0, Ele(zm(k)<°°v el (3.6)
Pood

K} fizc)

It follows from (3.6) that the operator in the right-hand side of (3.5) act in the space of
sequencies [, and is there completely continuous for A, & (0, ). Thus the Hilbert alter-
native on the solvability of infinite systems /6/ is applicable to system (3.5).

Having solved the infinite system (3.5), we obtain using formulas (3.2) and (2.9) the
solution of the input integral equation (1.9) for the general unbounded case.

In the case of solution of the integral equation (1.9) bounded at one edge z =1 we seek
function o (x) appearing in (2.10)} in the form

o (z)= Q{, ay P 7 @),  ag==Now? (3.7)

Note that by virtue of properties of function (z} (Theorem 3) and relations (3.3) series
{3.7) converge to w(z} in the norm of space Ly,{(—1,1}, p(2) = VI —2/(1 + ), and the sequ-
ence {a,} & by

Then expanding functions a* —r'(z) and K ((¢ — 2z)/A), respectively, in single and double
series of the form
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@ —r @)= 3 P @) (.8
K=o
| s RN (4/s, =1{2) (~1h, 13)
K{=—]= emn (M) P (8) Pn 1€9)
b IPY

and using the orthogonality of Jacobi's polynomials, we obtain

o't ¢ § Bz A—=80+32) pe/n i) gy pt-tis o)
emm =2 § (K (552) x )/ S 20E pG =i @) PE 0 () do (3.9)

-1-1

* 1 T+z 1 1
bp=2- { (0" — 7 (o) V TEZ P @) ae,

-1
w*=[momm]

Series (3.8) uniformly converge to o* —r' (z) and K(E— a)d) for |z <1 1E1<1, Ae(0, ).

Theorem 7. If function r(zl€B%(—1,1) 0<a<1) and r(z) € Bf{1—¢ 1), e>0,
Y,<< B <1, then the sequence of numbers {a,}& l,, that satisfies the infinite system of lin-
ear algebraic equations

- ‘ N,
t=4 Y @ en () emM)FE—b (1=12...)

k=1

(3.10)

and the relation

(3.11)
o =LY a0y ero () + L eon (M) — bo
k=1
correspond to any solution @) &€ L,(—1,1) (1<p<2), lo@I<m(m>0 for 1 —e<C 21
of Eq. (1.9).
On the other hand, if function r (@) = B*(—1,1) O<a<1) and r(@) e BF(1 — ¢ 1), >0,
Y, << P <1 and relation (3.1l) is satisfied, solution @ (2) & Li,(—1,1), |9 (@) | m (m>0)
of Eg.(1.9) of form (2.10) corresponds for 1 —e<{z<{1 to any solution {a,}=1, of system

(3.10) .
Note that formula (3.1l1l) is the conditions of boundedness of solution of Eq. (1.9) at the

edge z =1 and, after the determination of a,(n=1,2,...)in (3.10), is used for determin-
ing the unknown half-length @ of the contact region.

The proof of Theorem 7 can be carried out similarly to that of Theorem 5 with allowance
for the inequality ‘

1—z
1® @) s ot 0 S ll0 @Iy, o100 P @)=} g3+ ma2=const

which is established using the H8lder inequality /6/.

Note that, as in the previous case, the following theorem enables us to make conclusions
regarding the solvability of a system in the domain of quadratically summable sequences for
almost all values of parameters A, p <= (0, o).

Theorem 8. If functions r(z) = B*(—1,1) 0<a<1) and r(@) = Bf (1 —e¢, 1), e >0, Y, <
<1, the operator in the right-hand side of (3.10) acts in space [, and is there complet-

ely continuous for all X, p = {0, ). Proof of this theorem is the same as that of Theorem 6.

Having solved system (3.10), we find the solution of the input equation (1.9) bounded at
the edge z =1 and simultaneously determine the unknown half-length of the region of contact
using formulas (3.11) and (1.10).

In conclusion we consider the case of solution of the integral equation (1.9) bounded at
both edges z = 1 . We seek function ®(z) of the form

o@= 23 ali() (3.12)

Then, using the representations

u*_r’(x)=gﬂbnTn(x), K<Z;I)=i iemu(l)Um-l(E) T, (z) (3.13)

=1 n=0




250 E.V. Kovalenko

and the condition of orthogonality of Chebyshev's polynomials, we obtain

2 ¢ (o) VIZD
€mn (A) = — 51 S K<T>VT—T§;U1“-1 (8) Ty (x) didx
—-1-1
b,= % S [a*_r,(x)]% dz

-1

On the basis of the properties of functions r(z) and K ((§ — z)/A) indicated above it is
possible to conclude that series (3.13) uniformly converge to them for all values of |z |<

1, 1811 A= (0, 00).
Theorem 9. 1f
Dr@e B (-1, 00<a<), Jr@eBFd—e ), e>0 %<p<L, 3) r(@EBP (-1, ~1 + o),

the sequence of numbers {ay}< I, that satisfies the infinite system of linear algebriac equa-
tions

ay = ‘;Tzakekn(x) %'%el1z(7")‘v0‘—bn (72:27 3’) (3.14)
k=1
and the relations
0= Y ovem () i e ) No— b (3.15)
2N N .
=N aen (M Len (W No— by

k=2

corresponds to any solution ¢(z) &= L, (—1,1) 1<<p<<2) lo(x) | < m(m>>0) of Eq. (1.9) when 1 —
eCrz<<! and Az —~1+¢.

Conversely, if
Dr@eB (-1, 1)0<e<),dr@e B —¢g 1), e>0, Y, <P, 3) r(@)e Bb(—1, —1 +¢)

and relations (3.15) are satisfied, solution ¢ (z) & Lo (—1,1), |@(2) | << m (m > 0) of Eq. (1.9)
of form (2.11), when 1 —e<{ z2<1and —1 <z —1 + &, correspond to any solution {a,} <,
of system (3.14).

Formulas {3.15) represent conditions of boundedness and, after the determination of @,
from (3.14), are used for finding the unknown half-length of the contact region ¢ and of the
quantity e.

Proof of Theorem 9 is the same as that of Theorem 5 if the inequality

e @) g, 1 <mallo(2) ”Lz, o-1,1 P (z) = V1 —2z%  mg==const

which can be checked using H8lder's inequalities /6/, is taken into account.
Theorem 10. 1f
Hr@eBe(—1, 1) 0<a<l), Dr@eBf(l—c1),e>0, Y<P<1,3)r(@=BF (-1, —1+ ),

the operator in the right-hand side of (3.14) acts in I, completely continuously for all
values of parameters A, p = (0, o0).

Proof of Theorems 6 and 10 is similar.

Theorem 10 implies that the infinite system (3.14) is solvable in l for almost all val-
ues of parameters A, p & (0, o).

Having solved that system, we obtain the solution of Eq.(1.9) using formulas (3.12) and
(2.11) and simultaneously determine the quantities a¢ and e in conformity with (3.15) and
(1.10).

The author thanks V.M, Aleksandrov for interest in this work and advice.
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